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Higher Loop Spin Field Correlators
in Various Dimensions





We compute higher-point superstring correlators involving spin fields in various even space-time dimen-
sions D at tree-level and to arbitrary loop order. This generalizes previous work in D = 4 space-time
dimensions. The main focus are D = 6, 8 and D = 10 superstring compactifications for which cor-
relation functions with four and more spin fields are computed. More precisely, we present every
non-vanishing six-point function. A number of results can even be derived for arbitrary D. A closed
formula for the correlators 〈ψ . . . ψSS〉 with any number of fermions ψ and two spin fields S in D
space-time dimensions is given for arbitrary genus.
Moreover, inD = 6 and for arbitrary genus, we find a general formula for the correlators 〈SS˙ . . . SS˙〉.
The latter serve as basic building blocks to construct higher-point fermionic correlation functions. In
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1 Introduction
Multi-leg superstring amplitudes are of both considerable theoretical interest in the framework of a
full–fledged superstring theory [1, 2, 3, 4] and of phenomenological relevance. Both tree- and higher-
loop superstring amplitudes in diverse dimensions are important to test various aspects of duality
symmetries relating different string vacua, see e.g. [5]. In addition, in D = 4 dimensions parton
scattering may become relevant in describing corrections to jet cross sections from low string scale or
large extra dimension physics [6, 7, 8]. Hence, it is essential to develop a detailed account of building
blocks necessary to compute amplitudes in these scenarios.
In the Ramond–Neveu–Schwarz (RNS) formalism of superstring theory, one of the main obstacles
in computing amplitudes is the interacting nature of the Neveu–Schwarz fermion (NS) ψµ and the
Ramond (R) spin field Sα. Since these fields enter the vertex operators the underlying super conformal
field theory (SCFT) correlators are hard to obtain. Dimensional reduction from D = 10 to lower
dimensions D < 10 organizes the RNS fields ψµ, Sα, S
β˙ into vector, scalar and spinor representations
of the Lorentz group SO(1, D − 1). The calculation of various correlation functions involving these
fields at arbitrary genus g in D = 6, 8 and D = 10 is the main purpose of this paper.
In D = 4 space-time dimensions, the problem of computing SO(1, 3) covariant correlation functions
involving vectors ψµ and spinors Sα, S
β˙ has been solved in complete generality at tree-level [9] and for
large classes of correlators on higher genus [10]. One motivation for this paper is to extend this work
to D = 6, 8 and D = 10 space-time dimensions – both at tree-level and at higher genus. As we will
explain later, many CFT results for the correlators involving the fields ψµ and Sα, S
β˙ can be obtained
for arbitrary even dimension D = 2n.
In even dimensions D = 2n, the covariant RNS fields can be represented by n independent copies
of an SO(2) spin system {Ψ±i , s±i }, i = 1, . . . , n [11]. The fields Ψ±i have conformal weight h = 1/2
and carry Ramond charge ±1, whereas the spin fields s±i have weight 1/8 and Ramond charge ±1/2.
Their interacting CFT can be understood by bosonization. We refer to [12, 13] for a discussion of the
subtleties arising for spin systems on higher genus. Individual spin systems with all their correlation
functions are well-understood on arbitrary genus [14, 15, 16]. Therefore all the following results have
been calculated by making use of n SO(2) spin systems for D = 2n.
Due to the group structure of SO(1, D − 1) the technical challenges in handling several spin fields
become more and more involved with increasing dimension D. In the language of spin models, the
combinatorical possibilities how to combine the Ramond charges ±12 , ±1 rapidly grows with the space-
time dimension 2n and the number of SO(1, D − 1) spin fields involved in the correlator in question.
For this reason, the generality of correlators given in this paper for different numbers of space-time
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dimensions D decreases from D = 6 towards D = 10, and only those cases with at most two spin fields
can be treated in a universal way for arbitrary D.
In non-compactified D = 10 superstring theory, the GSO projected fermion vertex in its canonical
(−1/2)-ghost picture introduces only left-handed spin fields Sα of SO(1, 9). But picture changing in
D = 10 as well as compactifying Sα to lower dimensional spinors introduce spin fields S
β˙ with right-
handed chirality from the corresponding SO(1, 2n−1) point of view. It is therefore essential to consider
any chirality configuration in spin field correlations, regardless of D.
For amplitudes involving gluons g and/or (anti-)gauginos χ, χ¯ the necessary classes of RNS open
string correlators to be computed are the same for every D. More precisely, for the tree-level N - gluon
amplitude M(g1 . . . gN ) the correlator 〈ψ1 . . . ψ2N−2〉 is required. Furthermore, for the amplitude
M(g1 . . . gN χ χ¯) one needs the correlator 〈ψ1 . . . ψ2N−1 S S〉, while M(g1 . . . gN χ χ¯ χ χ¯) involves the
correlator 〈ψ1 . . . ψ2N S S S S〉. At higher genus g 6= 0, at most 2g additional fields ψµ may enter the
correlation functions due to the picture changing operators necessary to cancel the total superghost
background charge of 2g − 2. In D = 4, 6, 8 and D = 10, color-stripped tree-level amplitudes of N
gluons and only two massless fermions are universal whether the fermions are adjoint gauginos or chiral
quarks and leptons located at D-brane intersections [6, 7]. However, this statement generically fails
at higher genus or in the presence of further fermion pairs. A similar observation is made for two
fermion disk amplitudes involving massive higher spin excitations of gluons, quarks or gauginos [8, 17]
– independent on D.
An other important aspect of multi-leg correlators involving many spin fields arises when studying
disk couplings of brane and bulk fields in superstring compactifications in the presence of NS and R
fluxes [18]. These interactions are determined by computing the relevant disk amplitude involving open
and closed string states. The latter can be reduced to disk amplitude of pure open strings [19].
It is instructive to give the schematic form of an N -point multi-loop amplitude Mg(Φ1, ...,ΦN ) of
open string states Φi at genus g (for more details see [20, 21, 22]):


















int (zi,Φi,Ω) . (1.1)
The only information about the SCFT of the internal geometry comes from the genus g partition
function Z(~a,~b) and the internal CFT correlators Cint1. The internal part of the spin fields and their
higher loop interactions depend on the compactification details. They are not further discussed in
1The latter may be built in and described by some character valued partition function or elliptic genus [23, 24, 25, 26, 27, 28]
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this work. The superghost contribution Cghost, on the other hand, is model independent and well-
understood [29]. The space-time kinematics in the amplitude is determined by the correlation function
built from the bosonic string coordinates Xµ and the correlators involving the RNS fields ψµ, Sα, S
β˙.
The latter give rise to non-trivial SO(1, D − 1) Lorentz structures in the amplitude. In these lines,
the index I in (1.1) refers to a set of kinematical terms KI , which originate from contractions of the
space-time fields Xµ, ψµ, Sα, S
β˙, i.e. from correlators with non-trivial Lorentz structure. We denote
the dependence on (zi,Ω) associated with the contraction KI by CIX and CIψ,S .
Further steps towards computing the amplitude are, first, the sum over spin structures (~a,~b) of






over world-sheet positions and
∫
dNgΩ
det Ω over the genus g moduli space. The former
can be performed by means of generalized Riemann identities [21, 30, 31, 32, 33, 34] whereas the latter
still lacks a unified treatment and waits for investigation in future work.
The organization of this work is as follows: We start in Section 2 by reviewing the RNS CFT in
D dimensions and the genus g correlation functions of the underlying SO(2) spin models. In Section
3, correlation functions with two spin fields and arbitrary numbers of NS fermions are generalized
from D = 4 (see [9, 10]) to general D. From Section 4 to 6 we discuss correlators with four and
more spin fields for the cases D = 6, 8, 10. The D = 6–dimensional case in Section 4 still has a
sufficiently simple group structure that it admits a general solution for 2N -point correlation function
〈∏Ni=1 Sαi(xi)Sβ˙i(yi)〉. This is no longer possible in D = 8 dimensions, but as explained in Section
5, the triality symmetry of the SO(8) Lorentz group simplifies the computation of many tree-level
correlators with large numbers of spin fields. Both these simplifying features are absent in the non-
compactified case D = 10. So Section 6 is a collection of correlators with a finite number of fields which
can be computed with reasonable effort. In all these dimension D = 6, 8, 10, we have computed every
six-point function (with every possible combination of ψµ, Sα, S
β˙) on arbitrary genus. Two appendices
provide technical details of manipulating gamma matrices.
2 Review
2.1 The RNS CFT in even dimensions D
Let us first of all introduce the interacting CFT of the Neveu–Schwarz fermion ψµ with the Ramond
spin fields Sα, S
β˙ in even space-time dimension D [35, 36, 11]. For this purpose, the Dirac notation
(Γµ)A
B for gamma matrices and spin fields SA ≡ Sα ⊕ Sβ˙ is most convenient. See Appendix A.1 for
details of the decomposition into chiral halves.
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The singular behavior of the NS fermions as well as the interaction between fermions and spin fields
are insensitive to the number of dimensions we are working in:
ψµ(z) ψν(w) =
ηµν






(z − w)−1/2 SB(w) + . . . . (2.1b)
On the other hand, conformal weights and therefore the mutual short distance behavior of the spin fields
do depend on the dimensionality. The most singular term of the D-dimensional spin field self-OPE
depends on the relative chirality of the spin fields. This is why we display two contributions2:
SA(z) SB(w) = (z − w)−D/8 CAB + (Γ
µ C)AB√
2
(z − w)−D/8 + 1/2 ψµ(w) + . . . . (2.2)
Depending on the chiral structure of the charge conjugation matrix C, we obtain different scenarios:
• D = 0 mod 4 OPEs







(z − w)−D/8 + 1/2 ψµ(w) + . . . , (2.3b)
• D = 2 mod 4 OPEs
Sα(z) S




(z − w)−D/8+1/2 ψµ(w) + . . . . (2.4b)
It is still possible to factorize fermions like in four dimensions [9] by multiplying the OPE (2.2) with
(C−1Γν)BA. Using Tr{ΓµΓν} = −2D/2ηµν , we conclude
ψµ(w) = − 2(1−D)/2 (C−1 Γµ)BA lim
z→w(z − w)
D/8−1/2 SA(z)SB(w) . (2.5)




= −2(D−2)/2ηµν admits to invert the two subcases
(2.3b) and (2.4b):






β˙(w) : D = 0 mod 4 ,
(C−1 γ¯µ)βα Sα(z)Sβ(w) : D = 2 mod 4 .
(2.6)
However, one must admit that this factorization technique, which was essential in solving the D = 4
case [9, 10] loses its efficiency for computing unknown correlators with increasing dimension because
the spinor representations become more and more complex in higher dimensions. This can be seen best
by comparing the dimension D of the vector representation of SO(1, D− 1) with the number 2(D−2)/2
of Weyl spinor components – exponential growth of the spinor clearly dominates over linear growth of
the vector.
2Here we are redefining the spin fields by a factor of i relative to the convention of [9] in order to avoid proliferation of
minus signs. For comparison with this reference, correlators with 2n spin fields need to be multiplied by (−1)n.
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2.2 Spin system correlators and theta functions
Correlations functions of the NS fermions ψµ and the R spin fields Sα in D = 2n dimensions can be
assembled out of the SO(2) spin system as discussed in [14, 15, 16], one needs n independent copies of
the SO(2) spin system {Ψ±i , s±i }, i = 1, . . . , n. The fields Ψ±i are conformal fields of dimension h = 1/2
and carry Ramond charge ±1, whereas the spin fields s±i have h = 1/8 and Ramond charge ±1/2. The



















s±i (z) . (2.8)
Since each of the n Ramond charges can be chosen independently, there are 2n = 2D/2 such operators.
This coincides with the number of components of a Dirac spinor in D dimensions. We take the
convention that operators with an even number of s− operators are left-handed, whereas those with
an odd number are right-handed. Correlation functions of SO(1, D− 1) covariant RNS fields factorize
into correlators of a single spin system.
Generalized theta functions [30, 31, 32] are the natural objects to express correlation functions at
non-zero genus. They assure the required periodicity along the homology cycles of the g-loop string









2 ~nΩ~n + ~n~x
)]
(2.9)
by shifting the first argument according to some spin structure (~a,~b):










































In our situations, the g-dimensional vectors ~a,~b with entries zero or one characterize the periodicity of
the fermion fields along the 2g homology cycles of the Riemann surface. The second argument of Θ is
the g × g period matrix Ω.
We parametrize the two-dimensional string world-sheet by a complex coordinate z. The Abel
map z 7→ ∫ zp ~ω lifts z to the Jacobian variety of the world-sheet Cg/(Zg + ΩZg). These integrals are
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then natural arguments for the theta function. The periodicity properties of the theta function under
transport of z around a homology cycle are summarized in Appendix A of [10].










where ( ~a0, ~b0) is an arbitrary odd spin structure such that E(z, w) = −E(w, z). The half differentials
h~a0~b0












They assure that E is independent of the choice of (~a0,~b0) as long as it is odd. Given the leading
behaviour E(z, w) ∼ z−w+O((z−w)3), singularities in correlation functions are caused by appropriate
powers of prime forms.
Using these expressions, the correlator of an arbitrary number of fermions Ψ± and spin fields s± of














































































Due to Ramond charge conservation 12(N1−N2)−N3+N4 = 0, the arbitrary reference point p appearing




















i j ... k
l m ... n
]
. (2.14)
Note in particular that the factor 12 in the argument of Θ
~a
~b
– which is ubiquitous in presence of spin
fields – will always be implicit.
Considerable simplifications occur for g = 0 or g = 1, i.e. scattering at tree-level or one loop. For
g = 1 the period matrix Ω reduces to the modular parameter τ of the torus and the theta functions
become the standard ones:
θ1 ≡ Θ11 , θ2 ≡ Θ10 , θ3 ≡ Θ00 , θ4 ≡ Θ01 . (2.15)
On a g = 0 world-sheet, the spin structure dependent theta functions trivialize, Θ~a~b
→ 1, and the prime
form reduces to E(z, w)→ z − w.
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2.3 The algorithm
With the background on spin systems in mind, we can now calculate RNS correlation functions
〈ψµ1 . . . ψµ` Sα1 . . . Sαm Sβ˙1 . . . Sβ˙n〉~a~b for specific choices of µi, αi and β˙i by organizing the RNS fields
into their spin system content via (2.7), (2.8) and applying (2.13) for the n individual SO(2) correlators.
The final goal is to express the results in a covariant form, i.e. in terms of Clebsch–Gordan coefficients.
These are built from gamma matrices and the charge conjugation matrix and hence carry all the vector
and spinor indices. They can be viewed as SO(1, 2n − 1) covariant Ramond charge conserving delta
functions, schematically Cαβ ∼ δ(α+ β) and (γµC)αβ˙ ∼ δ(µ+ α+ β˙) where µ, α, β, β˙ are treated as n
component Ramond charge vectors such as µ ≡ (0,±1, 0, . . . , 0) and α ≡ (±12 , . . . ,±12).
As a starting point we make an ansatz for the correlation function with a minimal set of Clebsch–
Gordan coefficients. Each of these index terms is accompanied by a z-dependent coefficient consisting
of prime forms E and theta functions Θ~a~b
. The results obtained for special choices of µi, αi and β˙i have
to be matched with this ansatz. It is most economic to first look at configurations (µi, αi, β˙i) where
only one tensor is non-zero. Then the loop-level result (2.13) yields the coefficient for the respective
index term. In some cases, however, it is not possible to make all Clebsch Gordan coefficients vanish
except for one, then more than one index term contributes for every choice of (µi, αi, β˙i). Then, it
can be helpful to switch to different Lorenz tensors which are (anti-)symmetric in some vector- or
spinor indices, see Appendix A.2. In other cases, Fay’s trisecant identities [30, 10] have to be used to
determine the unknown coefficients. Sign issues can be resolved by calculating certain limits zi → zj
at tree-level using the RNS OPEs (2.3) or (2.4).
Let us illustrate this procedure with an easy example, the correlation function 〈ψµψνψλSαSβ〉~a~b in
D = 6 dimensions. A convenient ansatz in terms of four Clebsch–Gordan coefficients is
〈ψµ(z1)ψν(z2)ψλ(z3)Sα(z4)Sβ(z5)〉~a~b = F1(z) (γ
µνλC)αβ
+ F2(z) η
µν (γλC)αβ + F3(z) η
µλ (γν C)αβ + F4(z) η
νλ (γµC)αβ . (2.16)
The task is now to determine F1, F2, F3, F4 by making several choices for µ, ν, λ, α, β.
The coefficient F1 can easily be obtained by setting µ = 0, ν = 2, λ = 4. As the metric η is
diagonal all the other index terms vanish for this configuration. Then by means of (2.7) the NS












3 ) and we choose for the spin fields





























Due to Ramond charge conservations Ψ+1 (z1), Ψ
−
2 (z2) and Ψ
−
3 (z3) drop out and by using (2.13) we
9
obtain the coefficient F1 up to a sign
F1 = ±
Θ~a~b
[ 1 14 5 ] Θ
~a
~b
[ 2 24 5 ] Θ
~a
~b

























3 ). No other tensor than η
µν (γλC)αβ contributes as the metric is diagonal and γ
µνλ
totally antisymmetric. One finds that the results consists of two terms due to the two in-equivalent
fermion configurations Ψ+1 (z1) Ψ
−




1 (z2) in the first spin system.
F2 = ±
Θ~a~b








[ 1 1 42 2 5 ] + E15E24 Θ
~a
~b













The remaining zi functions F3 and F4 follow from F2 by permutation in the vector indices and the
(1, 2, 3) labels.









〈ψµ(z1)ψν(z2)ψλ(z3)ψρ(z5)〉 in the z4 → z5 limit for instance.
3 Universal correlators: Two spin fields
Correlators of type 〈ψµ1 ...ψµnSαSβ〉 and 〈ψµ1 . . . ψµnSαSβ˙〉 have been calculated in full generality for
D = 4 dimensions in [9, 10]. It turns out that their structure is almost unchanged in higher dimensions.
The only thing we have to pay attention to is the relative chirality of spin fields in non-zero correlations,
but this subtlety can be bypassed in Dirac spinor notation, see our final result (3.15) and (3.16) for
general even D.
3.1 The four-dimensional result
In four dimensions, correlators 〈ψnSS〉 with an odd number n ∈ 2N−1 of fermions require spin fields of
opposite chirality for a non-vanishing result. In [10], it was shown by induction that these 2n+ 1-point







































































Their relatives with even number of NS fermions and two alike spin fields read
ω
µ1...µ2n−2
































































We are using the notation from Wess & Bagger for the four-dimensional Clebsch–Gordan coefficients.










The summation ranges ρ ∈ S2n−1/Pn,` and ρ ∈ S2n−2/Qn,` certainly require some explanation.




ρ ∈ S2n−1 : ρ(1) < ρ(2) < ... < ρ(2`+ 1) ,
ρ(2`+ 2j) < ρ(2`+ 2j + 1) ∀ j = 1, 2, ..., n− `− 1 ,





ρ ∈ S2n−2 : ρ(1) < ρ(2) < ... < ρ(2`) ,
ρ(2`+ 2j − 1) < ρ(2`+ 2j) ∀ j = 1, 2, ..., n− `− 1 ,
ρ(2`+ 2) < ρ(2`+ 4) < ... < ρ(2n− 2)
}
. (3.3b)
In other words, the sums over S2n−1/Pn,`- and S2n−2/Qn,` in (3.1) and (3.2) run over those permutations
ρ of (1, 2, ..., 2n− 1) or (1, 2, ..., 2n− 2) which satisfy the following constraints:
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• Only ordered σ products are summed over: The indices µρ(i) attached to a chain of σ matrices are
increasingly ordered, e.g. whenever the product σµρ(i) σ¯µρ(j)σµρ(k) appears, the sub-indices satisfy
ρ(i) < ρ(j) < ρ(k).
• On each metric ηµρ(i)µρ(j) the first index is the “lower” one, i.e. ρ(i) < ρ(j).
• Products of several η’s are not double counted. So once we get ηµρ(i)µρ(j)ηµρ(k)µρ(l) , the term
ηµρ(k)µρ(l)ηµρ(i)µρ(j) does not appear.
These restrictions on the occurring S2n−1 (or S2n−2) elements are abbreviated by a quotient Pn,` and
Qn,`. The subgroups removed from S2n−1 (S2n−2) are S2`+1 × Sn−`−1 × (S2)n−`−1 and S2` × Sn−`−1 ×
(S2)
n−`−1 respectively, therefore the number of terms in (3.1) and (3.2) at fixed (n, `) is given by
∣∣S2n−1/Pn,`∣∣ = (2n − 1)!
(2` + 1)! (n − ` − 1)! 2n−`−1 , (3.4a)∣∣S2n−2/Qn,`∣∣ = (2n − 2)!
(2`)! (n − ` − 1)! 2n−`−1 . (3.4b)
To have some easy examples, let us explicitly evaluate the sums over S2n−1/Pn,` and S2n−2/Qn,`
occurring in the five- and six-point functions 〈ψµψνψλSαSβ˙〉 and 〈ψµψνψλψρSαSβ〉. The formula
(3.1), applied to n = 2, schematically tell us that (up to a z dependent pre-factor)











∼ (σµ3 ε)αβ˙ ηµ1µ2 f (312)`=0 − (σµ2 ε)αβ˙ ηµ1µ3 f (213)`=0 + (σµ1 ε)αβ˙ ηµ2µ3 f (123)`=0︸ ︷︷ ︸
ρ∈S3/P2,0












































































































2 ∫ z4z5 ~ω
) . (3.6)
Equation (3.2) for n = 3 is expanded as












∼ εαβ ηµ1µ2 ηµ3µ4 g(1234)`=0 − εαβ ηµ1µ3 ηµ2µ4 g(1324)`=0 + εαβ ηµ2µ3 ηµ1µ4 g(2314)`=0
+ (σµ1 σ¯µ2 ε)αβ η
µ3µ4 g
(1234)
`=1 − (σµ1 σ¯µ3 ε)αβ ηµ2µ4 g(1324)`=1 + (σµ1 σ¯µ4 ε)αβ ηµ2µ3 g(1423)`=1
+ (σµ2 σ¯µ3 ε)αβ η
µ1µ4 g
(2314)
`=1 − (σµ2 σ¯µ4 ε)αβ ηµ1µ3 g(2413)`=1 + (σµ3 σ¯µ4 ε)αβ ηµ1µ2 g(3412)`=1
+ (σµ1 σ¯µ2 σµ3 σ¯µ4 ε)αβ g
(1234)
`=2 . (3.7)
The associated world-sheet functions gρ` can be found in equation (4.6) of [10].
3.2 Generalization to higher even dimension D
The generalization of correlation functions 〈ψnSS〉 to even space-time dimensions D > 4 only requires





















(n,D=4) αβ with the













































































































































































(n,D=4) αβ(zi) . (3.10)
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In D = 6 and D = 10 dimensions, an odd number of NS fermions requires alike spin fields SαSβ
for nonzero correlations (and correspondingly, spin fields of opposite chirality SαS
β˙ are needed for an
even number of fermions ψ2n):
Ω
µ1...µ2n−1





























































































































































































































































































To describe both chirality structures in a unified manner, we have to use Dirac spinor notation with
indices K = {κ,κ˙ }, see Appendix A.1. Then, our previous results for D = 4, 6, 8, 10 for 〈ψnSS〉
generalize as follows to even dimensions D:
Ω
µ1...µ2n−1




































































































































The proof in D dimensions can be carried over almost literally from the four-dimensional case in [10].


































which are designed to match the leading zA → zB behavior in the OPE of SK(zA)SL(zB), see (2.2).
4 Four and more spin fields in D = 6
In this section we first give the results for all D = 6 correlators involving four or more spin fields up to
six-point level. Later, we generalize to correlators of the type 〈(Sα Sβ˙)N 〉~a~b and provide an explicit for-
mula for arbitrary N . These correlation functions are important because a variety of correlators involv-
ing fermions can be derived from them by means of the factorization prescription ψµ ∼ (C−1γ¯µ)βαSαSβ
introduced in subsection 2.1.
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4.1 Lower point results
The simplest correlators in six dimensions involving four spin fields only are
〈Sα(z1)Sβ(z2)Sγ(z3)Sδ(z4)〉~a~b =
Θ~a~b
[ 1 23 4 ] Θ
~a
~b
[ 1 32 4 ] Θ
~a
~b





]3 (γµC)αβ(γµC)γδ(E12E13E14E23E24E34)1/4 , (4.1)
〈Sα(z1)Sβ(z2)Sγ˙(z3)S δ˙(z4)〉~a~b =
Θ~a~b











































[ 1 1 42 3 5 ] Θ
~a
~b
[ 2 43 5 ] Θ
~a
~b






[ 1 1 32 4 5 ] Θ
~a
~b
[ 2 34 5 ] Θ
~a
~b







[ 1 1 23 4 5 ] Θ
~a
~b
[ 2 34 5 ] Θ
~a
~b























3 4 5 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b








3 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b








3 4 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b








3 4 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ]
]
. (4.4)
In addition we have the correlator with three left- and right-handed spin fields each
















3 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b









3 4 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b










3 5 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b









3 4 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b











3 4 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b









3 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ]
]
. (4.5)







]3 (E13E14E15E16E23E24E25E26)−1/2E12 (E34E35E36E45E46E56 )1/4[
(γµC)αβ(γ
ν C)γδ E15E16E23E24 Θ
~a
~b
[ 1 1 5 62 2 3 4 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b
[ 3 64 5 ]
+ (γµC)γδ(γ
ν C)αβ E13E14E25E26 Θ
~a
~b
[ 1 1 3 42 2 5 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b
[ 3 64 5 ]
− (γµC)αγ(γν C)βδ E14E16E23E25 Θ~a~b [ 1 1 4 62 2 3 5 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 64 5 ]
− (γµC)βδ(γν C)αγ E13E15E24E26 Θ~a~b [ 1 1 3 52 2 4 6 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 64 5 ]
+ (γµC)αδ(γ
ν C)βγ E14E15E23E26 Θ
~a
~b
[ 1 1 4 52 2 3 6 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ]
+ (γµC)βγ(γ
ν C)αδ E13E16E24E25 Θ
~a
~b
[ 1 1 3 62 2 4 5 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ]
]
, (4.6)













[ 1 1 3 42 2 5 6 ] Θ
~a
~b
[ 3 64 5 ]
2
− η







[ 1 1 3 42 2 5 6 ] Θ
~a
~b






ν C)γ˙δ˙ E12 Θ
~a
~b
[ 1 1 2 23 4 5 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b











[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] Θ
~a
~b










[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] Θ
~a
~b











[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] Θ
~a
~b












[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] Θ
~a
~b
[ 3 64 5 ]
]
. (4.7)
The seven-point correlator consisting of one NS fermion, four left- and two right-handed spin fields is
found to be












[ 1 1 4 52 3 6 7 ]
(




3 5 6 ] Θ
~a
~b







3 5 7 ] Θ
~a
~b
[ 2 5 73 4 6 ]
)
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+ (γµC)αγ E13E15 Θ
~a
~b








4 5 7 ] Θ
~a
~b







4 5 6 ] Θ
~a
~b
[ 2 5 63 4 7 ]
)
+ (γµC)αδ E13E14 Θ
~a
~b








4 5 6 ] Θ
~a
~b







4 5 7 ] Θ
~a
~b
[ 2 4 73 5 6 ]
)
+ (γµC)βγ E12E15 Θ
~a
~b








4 5 6 ] Θ
~a
~b







4 5 7 ] Θ
~a
~b
[ 2 4 63 5 7 ]
)
+ (γµC)βδ E12E14 Θ
~a
~b
[ 1 1 2 43 5 6 7 ]
(




4 5 7 ] Θ
~a
~b







4 5 6 ] Θ
~a
~b
[ 2 5 73 4 6 ]
)
+ (γµC)γδ E12E13 Θ
~a
~b








3 5 6 ] Θ
~a
~b







3 5 7 ] Θ
~a
~b




4.2 Generalizations to higher point
In six space-time dimensions, the structure of Fierz identities is still sufficiently simple that the 2N -


















































The results (4.2) and (4.6) coincide with the above formula for the cases N = 2, 3. For higher N Fay’s
trisecant identities [17, 30] might be needed to make specific αi, β˙j choices compatible with the result
above. Due to the chirality structure of the charge conjugation matrix in D = 6 the correlator above
is the direct relative of 〈Sα1(z1) . . . Sαn(zn)〉~a~b in D = 4. Therefore the proof of (4.9) proceeds in the
same way as in [9, 10].
Having the explicit formula (4.9) for this class of correlators is a great benefit in view of the
factorization prescription for NS fermions. One can combine two spin fields of alike chirality to a NS
fermion via






1/4 (C−1 γ¯µ)βα Sα(z)Sβ(w) (4.10)
and thereby derive the following further classes of correlation functions:
〈ψµ1(z1) . . . ψµk+l(zk+l)Sα1(x1) . . . Sαn−2k(xn−2k)Sβ˙1(y1) . . . Sβ˙n−2l(yn−2l)〉~a~b . (4.11)
For example the last three correlators calculated in the previous subsection can be derived from the





Figure 1: Dynkin diagram for SO(8).
5 Four and more spin fields in D = 8
The S3 permutation symmetry of the Mercedes star–shaped SO(8) Dynkin diagram in Figure 1 – also
referred to as triality – plays an important role for the RNS CFT in D = 8. In eight dimensions NS
fermions and spin fields have equal conformal dimension h = D16 =
1
2 . Therefore, the OPEs (2.1a),
(2.1b), (2.3a) and (2.3b) become particularly symmetric and we will make use of SO(8) triality to
rewrite them in unified fashion.
The short distance behavior of conformal fields is sufficient input to determine their correlations
on the sphere. This is why triality covariance of OPEs is inherited by tree-level correlators. At higher
genus, however, the different global properties of the ψµ and Sα, S
β˙ fields under transport around the
world-sheet’s homology cycles will break this covariance, at least as far as the spin structure dependent
factors Θ~a~b
are concerned. Hence, triality does not hold for correlators at loop-level.
5.1 SO(8) triality for tree-level correlations
In this subsection, we will present eight-dimensional tree-level correlators in manifestly triality covariant
form. Let us introduce some notation for this purpose. Firstly, it is convenient to work with generalized
fields P i, Qj , Rk of conformal dimension h = 12 , that can either be ψ
µ, Sα or S
β˙:





for ρ ∈ S3 . (5.1)
On the level of Clebsch–Gordan coefficients, we introduce a universal metric g and three-point couplings
G with generalized indices i, j, k ∈ {µ, α, β˙}:
gij :=

ηµν : (i, j) = (µ, ν)
Cαβ : (i, j) = (α, β)




ηµν : (i, j) = (µ, ν)
Cαβ : (i, j) = (α, β)









for some ρ ∈ S3
0 : otherwise
. (5.3)









δ˙ are special cases of the triality covariant tensor equation
gi1i2 gj1j2 = Gi1j1k1 Gi2j2k2 gk1k2 + G
i1j2k1 Gi2j1k2 gk1k2 . (5.4)
Note the minus sign
√
2Gijk ≡ (γµC)αβ˙ = −(γ¯µC)β˙α due to the antisymmetry of (ΓµC).
The definitions (5.1), (5.2) and (5.3) allow to rewrite the D = 8 OPEs (2.1a), (2.1b), (2.3a) and
(2.3b) in the unified fashion:
P i(z)P j(w) =
gij
z − w + ... , (5.5)
P i(z)Qj(w) =
Gijk
(z − w)1/2 gklR
l(w) + ... . (5.6)
As we have mentioned above, this is all the input necessary to derive the tree-level correlation function
〈P i1(x1)...P ip(xp)Qj1(y1)...Qjq(yq)Rk1(z1)...Rkr(zr)〉 in triality covariant form – every assignment ρ ∈
S3 for (P






This circumstance can be used as a strong tool to derive new correlators: Suppose we know
〈ψµ1 ...ψµ`Sα1 ...SαmSβ˙1 ...Sβ˙n〉 for some `,m, n ∈ N0, then one can rewrite this result in a covariant way
as 〈P i1 ...P i`Qj1 ...QjmRk1 ...Rkn〉 via (ψµ, Sα, Sβ˙) ≡ (P i, Qj , Rk) as well as ηµν , Cαβ, Cα˙β˙ 7→ gij and
(γµC)α
β˙ 7→ √2Gijk. One is then free to pick a different assignment, e.g. (P i, Qj , Rk) ≡ (Sα, Sβ˙, ψµ)
which yields the correlator 〈ψµ1 ...ψµnSα1 ...Sα`Sβ˙1 ...Sβ˙m〉 with (`,m, n) traded for (n, `,m).
Uniform correlators like 〈(ψµ)2n〉 or 〈(Sα)2n〉 with one type of field only are trivially determined by
Wick’s theorem. Each field ψµ, Sα, S
β˙ by itself is a free world-sheet fermion, hence 〈Sα1(z1)...Sα2n(z2n)〉
can be reduced to two-point contractions in the same manner as 〈ψµ1(z1)...ψµ2n(z2n)〉.
As a first nontrivial example, let us apply the triality-based methods to the five-point functions
〈PPPQR〉. From (3.9) for n = 2 we know the result for three vectors P i ≡ ψµ:
〈ψµ(z1)ψν(z2)ψλ(z3)Sα(z4)Sβ˙(z5)〉 = 1√






















This can be translated into triality covariant language,
〈P i1(z1)P i2(z2)P i3(z3)Qj4(z4)Rk5(z5)〉 = 1










Gi2j4k5 z14 z35 +
gi2i3
z23




β˙ ≡ −2√2Gi1j4kgkk′Gi2jk′gjj′Gi3j′k5 . The minus sign arises from the conversion
γ¯ν → γν . By specializing to a configuration with three left-handed spin fields P i ≡ Sα (and Qj ≡ ψµ
and Rk ≡ Sβ˙ or vice versa), one arrives at the so far unknown result
〈ψµ(z1)Sα(z2)Sβ(z3)Sγ(z4)S δ˙(z5)〉 = − 1











δ˙ z13 z25 − Cαγ
z24
(γµC)β







Identities for the Clebsch–Gordan coefficients in (5.9) can be derived from the Dirac algebra. Gen-
eralizing 2ηµν(γλC)α
β˙ = −(γµγ¯νγλC)αβ˙ − (γν γ¯µγλC)αβ˙ to
Gi4j3k gkk′ G
ij1k′ gii′ G
i′j2k5 + Gi4j3k gkk′ G
ij2k′ gii′ G
i′j1k5 = gj1j2 Gi4j3k5 , (5.10)
and then specializing (j1, j2, j3) = (α, β, γ) and i4 = µ, k5 = δ˙ yields








This result also follows from (B.13) upon multiplication with γµγγ˙ .
The most interesting application of this procedure is to relate the 2n- and (2n+1)-point correlation
functions from subsection 3.2 to so far unknown correlators with a large number of spin field insertions:
〈ψ2` S2〉 ↔ 〈ψ2 S2`〉 , 〈ψ2` S2〉 ↔ 〈S2` S˙2〉 , 〈ψ2`−1 S S˙〉 ↔ 〈ψ S2`−1 S˙〉 .





























zρ(2`+2j),A zρ(2`+2j+1),B , (5.12)
ω
i1...i2n−2j1j2

















factors from (3.9) and (3.10) are converted to (−zAB)` by means of (γµC)αβ˙ ≡
√








zρ(2`+2j−1),A zρ(2`+2j),B . (5.13)
The former gives rise to a new result under (P i` , Qj , Rk) ≡ (Sα` , ψµ, Sβ˙):



























zA,ρ(2`+2j) zρ(2`+2j+1),B . (5.14)
The latter yields two classes of correlation functions. Firstly we assign (P i` , Qj1 , Qj2) ≡ (Sα` , ψµ, ψν)


























zA,ρ(2`+2j−1) zB,ρ(2`+2j) , (5.15)
and secondly we can specify (P i` , Qj1 , Qj2) ≡ (Sα` , Sβ˙, Sγ˙):


























zρ(2`+2j−1),A zρ(2`+2j),B . (5.16)
Not all correlation functions can be derived from (3.9) and (3.10) via triality. Even the six-point
function 〈ψµψνSαSβSγ˙S δ˙〉 must be derived from first principles, since this field configuration is a
triality fixed point. Let us give the tree-level result in a triality covariant way
〈P i1(z1)P i2(z2)Qj1(z3)Qj2(z4)Rk1(z5)Rk2(z6)〉 = 1




































































z14 z25 z36 + z16 z23 z45
)]
. (5.17)
5.2 The loop completion
As explained above, SO(8) triality covariance of the RNS CFT breaks down at nonzero genus because
spin fields have different global periodicity properties than the NS fermions. Therefore, the loop gener-
alizations of the tree-level correlators in the previous subsection cannot be derived by means of triality.
In particular, we cannot give the higher point functions 〈ψµSα1 ...Sα2n−1Sβ˙〉~a~b , 〈ψ
µψνSα1 ...Sα2n−2〉~a~b and
〈Sα1 ...Sα2n−2Sβ˙Sγ˙〉~a~b with arbitrary n at loop-level even though they are available at tree-level with
(5.14), (5.15) and (5.16). Hence, we can only study individual cases with a fixed number of fields at
higher genus.
This section contains any four-, five- and six-point function with at least four spin fields on higher
genus. They are obtained by the usual method of testing various index configurations. The tree-level
results derived from the triality analysis are a good starting point for this procedure since all the zij
can be replaced by Eij and only the Θ
~a
~b
arguments are left to determine.
Let us start with four spin field correlations, firstly
〈Sα(z1)Sβ(z2)Sγ˙(z3)S δ˙(z4)〉~a~b =
Θ~a~b
[ 1 32 4 ] Θ
~a
~b



















































































[ 1 1 32 4 5 ] Θ
~a
~b
[ 2 43 5 ] Θ
~a
~b










[ 1 1 32 4 5 ] Θ
~a
~b
[ 2 43 5 ] Θ
~a
~b










2 3 5 ] Θ
~a
~b
[ 2 34 5 ] Θ
~a
~b










3 4 5 ] Θ
~a
~b
[ 2 53 4 ] Θ
~a
~b




Here we have chosen a different basis of tensors than in (5.9) to make antisymmetry in Sα(z2)↔ Sγ(z4)
manifest.


















4 6 ] Θ
~a
~b









[ 1 1 3 62 2 4 5 ] + E14E15E23E26 Θ
~a
~b










[ 1 1 3 52 2 4 6 ] + E14E16E23E25 Θ
~a
~b






5 6 ] Θ
~a
~b




[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] − E16E23E45 Θ~a~b [ 1 1 63 4 5 ] Θ
~a
~b






5 6 ] Θ
~a
~b




[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 34 5 6 ] − E14E26E35 Θ~a~b [ 1 1 43 5 6 ] Θ
~a
~b






5 6 ] Θ
~a
~b




[ 1 1 63 4 5 ] Θ
~a
~b
[ 2 2 43 5 6 ] − E13E25E46 Θ~a~b [ 1 1 34 5 6 ] Θ
~a
~b






5 6 ] Θ
~a
~b




[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] − E15E24E36 Θ~a~b [ 1 1 53 4 6 ] Θ
~a
~b








[ 3 54 6 ] Θ
~a
~b




[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] − E16E26E35E45 Θ~a~b [ 1 1 63 4 5 ] Θ
~a
~b





(γ¯µν C)γ˙δ˙ Θ~a~b [
3 5
4 6 ] Θ
~a
~b




[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 34 5 6 ] − E14E24E35E36 Θ~a~b [ 1 1 43 5 6 ] Θ
~a
~b









5 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b




[ 1 1 3 42 2 5 6 ] + E15E16E23E24 Θ
~a
~b





5 6 ] Θ
~a
~b






[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] + E16E23E45 Θ
~a
~b
[ 1 1 63 4 5 ] Θ
~a
~b
[ 2 2 34 5 6 ]
)]
. (5.21)






5 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b






[ 1 1 3 42 2 5 6 ] − E15E16E23E24 Θ~a~b [ 1 1 5 62 2 3 4 ]
)
. (5.22)















4 6 ] Θ
~a
~b




[ 3 64 5 ] Θ
~a
~b
[ 1 1 3 52 2 4 6 ] + E14E16E23E25 Θ
~a
~b
[ 3 64 5 ] Θ
~a
~b




[ 3 54 6 ] Θ
~a
~b
[ 1 1 3 62 2 4 5 ] + E14E15E23E26 Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b







4 5 ] Θ
~a
~b






[ 1 1 3 62 2 4 5 ] + E14E15E23E26 Θ
~a
~b
[ 1 1 4 52 2 3 6 ]
)
+




4 6 ] Θ
~a
~b






[ 1 1 3 52 2 4 6 ] + E14E16E23E25 Θ
~a
~b








4 6 ] Θ
~a
~b





[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 43 5 6 ] + E14E23 Θ
~a
~b
[ 1 1 43 5 6 ] Θ
~a
~b








4 6 ] Θ
~a
~b





[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] + E16E25 Θ
~a
~b
[ 1 1 63 4 5 ] Θ
~a
~b







5 6 ] Θ
~a
~b





[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] + E15E23 Θ
~a
~b
[ 1 1 53 4 6 ] Θ
~a
~b







5 6 ] Θ
~a
~b





[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] + E16E24 Θ
~a
~b
[ 1 1 63 4 5 ] Θ
~a
~b








5 6 ] Θ
~a
~b





[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] + E16E23 Θ
~a
~b
[ 1 1 63 4 5 ] Θ
~a
~b








5 6 ] Θ
~a
~b





[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] + E15E24 Θ
~a
~b
[ 1 1 53 4 6 ] Θ
~a
~b







[ 1 1 2 23 4 5 6 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b
[ 3 64 5 ]
]
. (5.23)
On the level of six spin fields, there is firstly the rather trivial correlator whose tree level limit is












2 4 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b





2 5 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b






2 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b
[ 1 4 62 3 5 ]
25
+ cyclic completion in (2, β), (3, γ), (4, δ), (5, ), (6, ι)
]
. (5.24)
Its relative with mixed chiralities has a more involved structure due to the Sα ↔ Sβ˙ interaction:





















2 4 6 ] Θ
~a
~b








3 4 6 ] Θ
~a
~b








3 4 6 ] Θ
~a
~b








2 4 6 ] Θ
~a
~b









2 4 6 ] Θ
~a
~b






3 4 6 ] Θ
~a
~b




















2 5 6 ] Θ
~a
~b




[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] + E16E25 Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b









3 5 6 ] Θ
~a
~b




[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] + E16E35 Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b








4 5 6 ] Θ
~a
~b




[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] + E16E45 Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b








3 5 6 ] Θ
~a
~b




[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] + E26E35 Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b









4 5 6 ] Θ
~a
~b




[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] + E26E45 Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b








4 5 6 ] Θ
~a
~b




[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] + E36E45 Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 4 52 3 6 ]
)
− E56 (γλC)α(˙ (γ|λρ|C)βγ (γρC)δ ι˙) Θ~a~b [ 1 2 34 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 5 62 3 4 ]
]
. (5.25)
Seven-point correlations require a basis of at least 24 independent Lorentz tensors, so we refrain from
computing higher point examples without systematics.
26
6 Four and more spin fields in D = 10





[ 1 23 4 ] Θ
~a
~b
[ 1 32 4 ] Θ
~a
~b






(γµC)αβ (γµC)γδ E14E23 Θ
~a
~b
[ 1 42 3 ]









































































































[ 1 1 52 3 4 ] Θ
~a
~b









δ˙ (γν C)αβ E12E34 Θ
~a
~b
[ 1 1 23 4 5 ] Θ
~a
~b
[ 2 34 5 ] Θ
~a
~b
[ 2 43 5 ] Θ
~a
~b






δ˙ (γν C)βγ E14E23 Θ
~a
~b
[ 1 1 42 3 5 ] Θ
~a
~b
[ 2 43 5 ] Θ
~a
~b
[ 2 53 4 ] Θ
~a
~b




The identity (γν γ¯
µC)(α




δ˙ (γν C)αγ E12E34 Θ
~a
~b
[ 1 1 23 4 5 ] Θ
~a
~b
[ 2 34 5 ] Θ
~a
~b
[ 2 43 5 ] Θ
~a
~b






δ˙ (γν C)βγ E13E24 Θ
~a
~b
[ 1 1 32 4 5 ] Θ
~a
~b




3 4 ] Θ
~a
~b
[ 2 34 5 ] . (6.3)
The following correlator has been partially computed in [15] for the purpose of four fermion scattering












(γλC)αβ (γλC)γδ E36E45 Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b







[ 1 1 3 62 2 4 5 ] + E14E15E23E26 Θ
~a
~b





(γλC)αδ (γλC)γβ E34E56 Θ
~a
~b
[ 3 65 4 ] Θ
~a
~b
[ 3 56 4 ] Θ
~a
~b






[ 1 1 3 42 2 6 5 ] + E15E16E23E24 Θ
~a
~b






ν C)αδ E34E56 Θ
~a
~b








[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] − E16E24E35 Θ~a~b [ 1 1 63 4 5 ] Θ
~a
~b






ν C)γβ E34E56 Θ
~a
~b








[ 1 1 43 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] − E15E23E46 Θ~a~b [ 1 1 53 4 6 ] Θ
~a
~b





ν C)γδ E36E45 Θ
~a
~b








[ 1 1 63 4 5 ] Θ
~a
~b
[ 2 2 43 5 6 ] + E15E23E46 Θ
~a
~b
[ 1 1 53 4 6 ] Θ
~a
~b






ν C)αβ E36E45 Θ
~a
~b








[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] + E14E26E35 Θ
~a
~b
[ 1 1 43 5 6 ] Θ
~a
~b





(γµνλC)αβ (γλC)γδ E34E36E45 Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b





[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] + E16E25 Θ
~a
~b
[ 1 1 63 4 5 ] Θ
~a
~b





(γµνλC)γδ (γλC)αβ E36E45E56 Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b





[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 43 5 6 ] + E14E23 Θ
~a
~b
[ 1 1 43 5 6 ] Θ
~a
~b




(γµνλC)αδ (γλC)γβ E34E36E56 Θ
~a
~b








[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 43 5 6 ] + E14E25 Θ
~a
~b
[ 1 1 43 5 6 ] Θ
~a
~b





(γµνλC)γβ (γλC)αδ E34E45E56 Θ
~a
~b








[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] + E16E23 Θ
~a
~b
[ 1 1 63 4 5 ] Θ
~a
~b
[ 2 2 34 5 6 ]
)
− (γ(µC)αγ (γν)C)βδ E12E34E36E45E56 Θ~a~b [ 1 1 2 23 4 5 6 ] Θ
~a
~b








This representation in terms of antisymmetric products γµνλ rather than γµγ¯νγλ was chosen in order
to make antisymmetry under the exchange of ψµ(z1)↔ ψν(z2) and Sαi(zi)↔ Sαj (zj) manifest (up to
a pre-factor E
1/4
ij in the latter case).
















[ 1 1 3 52 2 4 6 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b











[ 1 1 3 42 2 5 6 ] Θ
~a
~b














[ 1 1 3 42 2 5 6 ] Θ
~a
~b















[ 1 1 63 4 5 ] Θ
~a
~b
[ 2 2 43 5 6 ] Θ
~a
~b
[ 3 64 5 ] Θ
~a
~b












[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 43 5 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b













[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b












[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] Θ
~a
~b
[ 3 64 6 ] Θ
~a
~b





ν C)γ˙δ˙ E15E24E36 Θ
~a
~b
[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 43 5 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b









[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 53 4 6 ] Θ
~a
~b
[ 3 64 5 ] Θ
~a
~b









[ 1 1 63 4 5 ] Θ
~a
~b
[ 2 2 53 4 6 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b








[ 1 1 53 4 6 ] Θ
~a
~b
[ 2 2 63 4 5 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b




(γ¯µ γν γ¯λC)γ˙δ˙(γλC)αβ E13E24E56 Θ
~a
~b
[ 1 1 34 5 6 ] Θ
~a
~b
[ 2 2 43 5 6 ] Θ
~a
~b
[ 3 45 6 ] Θ
~a
~b
[ 3 54 6 ] Θ
~a
~b
[ 3 64 5 ]
]
. (6.5)
The correlator with five left-handed spin fields and one right-handed spin field has appeared in the
literature before, namely in [37] at tree-level for the purpose of six fermion scattering. Let us give its
loop generalization here:















[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b









[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b








[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b









[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b








[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b









[ 1 2 34 5 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b








[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b









[ 1 2 34 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b








[ 1 2 34 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b









[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b






×Θ~a~b [ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b







×Θ~a~b [ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b







×Θ~a~b [ 1 2 43 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b






×Θ~a~b [ 1 2 53 4 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b





×Θ~a~b [ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b





×Θ~a~b [ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 4 62 3 5 ]
]
. (6.6)
There is also a non-vanishing correlation with three left- and right-handed spin fields each:




















2 3 4 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b















2 3 4 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b














2 3 5 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b















2 3 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b














2 3 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b















2 3 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b









4 5 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b









4 5 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b








4 5 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b









4 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b








4 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b









4 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b








4 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b









4 5 6 ] Θ
~a
~b
[ 1 2 43 5 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 42 5 6 ] Θ
~a
~b








4 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b










3 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b









3 4 5 ] Θ
~a
~b
[ 1 3 62 4 5 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b
[ 1 4 62 3 5 ] Θ
~a
~b










3 5 6 ] Θ
~a
~b
[ 1 2 53 4 6 ] Θ
~a
~b
[ 1 2 63 4 5 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b









3 4 6 ] Θ
~a
~b
[ 1 4 52 3 6 ] Θ
~a
~b
[ 1 3 52 4 6 ] Θ
~a
~b
[ 1 5 62 3 4 ] Θ
~a
~b




Note that also this result exhibits manifest antisymmetry under Sα(z1)↔ Sγ(z3) and S ˙(z5)↔ S ι˙(z6)
up to the powers (E13E56)
1/4.
7 Conclusions
In this work, we have provided a toolkit which plays an essential role in computing tree-level or multi-
loop amplitudes in D = 6– and D = 8–dimensional superstring compactifications but also in the
non-compactified D = 10 situation. The applicability of these SCFT results ranges from superstring
theories to the heterotic string theories allowing for a CFT description.
One of the highlights in this work are equations (3.15) and (3.16), which pave the way to compute
two fermion, N boson amplitudes in every even space-time dimension on arbitrary genus. Another
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very general result (4.9) is given in six space-time dimensions, describing a 2N -point function of spin
fields at every loop level. This can be used for scattering amplitudes involving many fermions.
The superstring amplitudes computed in this work play an important role in testing various aspects
of duality symmetries relating different string vacua. Furthermore, these amplitudes are phenomenolog-
ically relevant to investigate low energy dynamics of various compactification geometries. In particular,
the D = 4–dimensional situation gives rise to stringy predictions for hadron colliders [6, 7, 8]. Another,
rather theoretical motivation lies in the study of loop generalizations of supersymmetric Ward identities
which were found to extend to all α′ orders at tree-level [2]. It would be interesting to see whether one
can still relate amplitudes of different fermion numbers on higher genus. Our results are essential to
obtain further data points in this investigation.
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Appendix
A Gamma matrices in D dimensions
Gamma matrices Γµ play a key role in the interplay of vector- and spinor representation of the Lorentz
group SO(1, D− 1) in D dimensions. First of all, they can be be viewed as operators acting on spinor
spaces whose anti-commutation relations are given by the Clifford algebra. On the other hand, an-
tisymmetric products Γµ1...µp of p gamma matrices, multiplied by the charge conjugation matrix C,
are Clebsch–Gordan coefficients which take bi-spinors to p forms. The tensor structure of correlation
functions involving spinorial fields is expressed in terms of these products (Γµ1...µpC), the charge conju-
gation matrix C guaranteeing Ramond charge conservation. Hence, we need to keep their manipulation
under control in deriving and applying spin field correlators. The reader might refer to [38, 39, 40] for
further information on the spinor algebra in higher dimensions.
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A.1 Notation and conventions
Let us first of all fix our notation and conventions. We use the sign convention of Wess & Bagger for
the Clifford algebra {
Γµ , Γν
}
= − 2 ηµν , (A.1)
as has been done in [6, 7, 8, 9, 10] for the four-dimensional calculations. The signature of the Minkowski
metric only matters if an explicit representation for gamma matrices needs to be given. For the purposes
of this paper, however, knowledge of the vanishing gamma matrix entries is sufficient.
Spinors in even space-time dimensions D ∈ 2N form a 2D/2-dimensional vector space which decom-
poses into two irreducible Weyl representations of SO(1, D − 1) of dimension 2D/2−1 each. We will
refer to them as the left- and right-handed representations. Their elements are called Weyl spinors
of positive or negative chirality. Generic Dirac spinors Ξ live in the direct sum of both irreducible




 , ψα ≡ left-handed , χα˙ ≡ right-handed . (A.2)
Gamma matrices transform left-handed spinors into right-handed ones and vice versa. Hence, one
can write them in block off-diagonal form whose non-vanishing blocks γµ and γ¯µ are also known as
















γ¯µβ˙κ = − 2 δκα ηµν , γ¯µα˙β γνβκ˙ + γ¯να˙β γµβκ˙ = − 2 δα˙κ˙ ηµν . (A.4)
More generally, odd (even) products of Γ matrices carry alternating products of γ and γ¯ matrices in




 0 (γµ1 γ¯µ2 ... γµp)αβ˙
(γ¯µ1 γµ2 ... γ¯µp)α˙β 0
 : p odd , (γµ1 γ¯µ2 ... γ¯µp)α β 0
0 (γ¯µ1 γµ2 ... γµp)α˙ β˙
 : p even . (A.5)
The Γµ matrices alone obviously have the wrong index structure to serve as Clebsch–Gordan coefficient
for bi-spinors. Some kind of metric on spinor space is needed – the charge conjugation matrix CAB:
(Γµ)A
B CBD ≡ (Γµ C)AD . (A.6)
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The chirality structure of C now depends on the dimension D due to the representation theory of the
associated SO(1, D−1) group. In dimensions D = 0 mod 4, only spinor representation of alike chirality
contain a scalar in their tensor product whereas D = 2 mod 4 dimensions require opposite chiralities
to form a singlet:
D = 0 mod 4 : CAB =
 Cαβ 0
0 Cα˙β˙
 , (Γµ C)AB =
 0 (γµC)α β˙
(γ¯µC)α˙ β 0
 ,
D = 2 mod 4 : CAB =
 0 Cα β˙
Cα˙ β 0





The inverse C−1 of the charge conjugation matrix again has a chiral structure which varies from
D = 0 mod 4 to D = 2 mod 4 dimensions:





 0 (C−1 γµ)α β˙
(C−1 γ¯µ)α˙ β 0
 ,
D = 2 mod 4 : (C−1)AB =








The transposed gamma matrices Γt satisfy the same Clifford algebra as the original ones. Arguments
from representation theory state that Γ and Γt must be related by a similarity transformation. This
transformation is given by the charge conjugation matrix and its inverse4
C−1 Γµ C = − (Γµ)t . (A.9)
Reading this equation on the level of chiral blocks leads to two different scenarios whether D = 0 mod 4
or D = 2 mod 4. In the former case, transposition (A.9) intertwines the two classes of matrices γµ, γ¯µ:
γµβα˙ = − (C−1)α˙κ˙ γ¯µκ˙κCκβ , γ¯µβ˙α = − (C−1)ακ γµκκ˙C κ˙β˙ . (A.10)
4In even dimensions D ∈ 2N, the signs in (A.9) and (A.12) are a matter of convention due to the freedom to redefine
C 7→ ΓD+1C with the chirality matrix. In odd dimensions D ∈ 2N− 1, however, the non-existence of a chirality matrix leads
to a unique choice.
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For D = 2 mod 4, on the other hand, a consistency condition is obtained for γµ and γ¯µ:
γµβα˙ = − (C−1)α˙κ γµκκ˙C κ˙β , γ¯µβ˙α = − (C−1)ακ˙ γ¯µκ˙κCκβ˙ . (A.11)
To give a unified way of understanding these conditions: The symmetry property of (ΓµC) is opposite
to that of the charge conjugation matrix
Ct = ℘D C ⇒ (Γµ C)t = −℘D (Γµ C) , (A.12)
where ℘D = ±1. By iterating this argument, one can infer the symmetry properties of higher order
gamma products (Γµ1 ...ΓµpC)t = ℘D(−1)p(Γµp ...Γµ1C) such that antisymmetric chains of Γ’s satisfy
(Γµ1...µp C)t = ℘D (−1)
p
2
(p+1) (Γµ1...µp C) =
 +℘D (Γµ1...µp C) : p = 0, 3 mod 4−℘D (Γµ1...µp C) : p = 1, 2 mod 4 . (A.13)
In order to fix the dimension dependent sign ℘D = ±1 in (A.12) one has to make use of the fact that
the set
{
(Γµ1...µpC) : 0 ≤ p ≤ D} forms a basis of the 2D/2 × 2D/2 matrices. In particular, there must
be 122






+1) ⇒ Ct =
 + C : D = 0, 6 mod 8−C : D = 2, 4 mod 8 . (A.14)
Let us explicitly write down all the relevant cases on the level of chiral blocks:
D = 4 D = 6
Cαβ = −Cβα Cαβ˙ = +C β˙α
(γµC)α
β˙ = + (γ¯µC)β˙α (γ
µC)αβ = − (γµC)βα
(γµν C)αβ = + (γ
µν C)βα (γ
µν C)α
β˙ = − (γ¯µν C)β˙α
(γµνλC)αβ = + (γ
µνλC)βα
D = 8 D = 10
Cαβ = +Cβα Cα
β˙ = −C β˙α
(γµC)α
β˙ = − (γ¯µC)β˙α (γµC)αβ = + (γµC)βα
(γµν C)αβ = − (γµν C)βα (γµν C)αβ˙ = + (γ¯µν C)β˙α
(γµνλC)α
β˙ = + (γ¯µνλC)β˙α (γ
µνλC)αβ = − (γµνλC)βα
(γµνλρC)αβ = + (γ
µνλρC)βα (γ
µνλρC)α
β˙ = − (γ¯µνλρC)β˙α
(γµνλρτ C)αβ = + (γ
µνλρτ C)βα
(A.15)
To avoid over-counting of the independent symmetric matrices, one should be aware of the self-dualities
of D/2-fold products (with φD denoting a dimension dependent phase):
(γµ1...µD/2 C)αβ = ± e
iφD
(D/2)!
εµ1...µD/2ν1...νD/2 (γν1...νD/2 C)αβ ,







Antisymmetrized gamma products Γµ1...µp with 0 ≤ p ≤ D form a complete set of 2D/2×2D/2 matrices.
Therefore, it is possible to expand any bi-spinor in terms of forms. The expansion prescriptions are
referred to as Fierz identities.
Within the chiral blocks γµ, γ¯µ, it is sufficient to consider forms up to degree D/2 since any p ≤ D
fold product γµ1...µp is related to D − p products via Hodge duality. Weyl bi-spinors are therefore
expanded as follows:
• D = 0 mod 4:












−1 γµD/2...µ1 χ) , (A.17)
ψα χ¯






−1 γµp...µ1 χ¯) , (A.18)
• D = 2 mod 4:



















−1 γ¯µp...µ1 χ¯) . (A.20)
Their proof basically relies on the fact that the γµ1...µp are orthonormal with respect to the trace (up
to the subtlety that the trace Tr{γµ1...µD/2 (−)γ ν1...νD/2} of D gamma matrices additionally involves the
εµ1...µD/2ν1...νD/2 symbol).
Let us display the Fierz identities in D = 4, 6, 8, 10 dimensions explicitly:





















• D = 6:
ψα χβ = − 1
4
(γµC)βα (ψC
−1 γ¯µ χ) − 1
48
(γµνλC)βα (ψC










−1 γ¯νµ χ¯) , (A.24)
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−1 γρλνµ χ) ,
(A.25)
ψα χ¯
β˙ = − 1
8
(γ¯µC)β˙α (ψC
−1 γµ χ¯) − 1
48
(γ¯µνλC)β˙α (ψC
−1 γλνµ χ¯) , (A.26)
• D = 10:
ψα χβ = − 1
16
(γµC)βα (ψC






















−1 γ¯ρλνµ χ¯) . (A.28)
Fierz identities allow to derive relations between various SO(1, D− 1) Clebsch–Gordan coefficients by
making clever choices for ψα, χβ, χ¯
β˙. For D = 4 (A.22) immediately implies that
(γµ)αβ˙ (γµ)γδ˙ = −2Cαγ Cβ˙δ˙ , (A.29)
whereas (A.21) with ψα = Cαγ and χβ = Cβδ yields
(γµν)α
β (γµν)γ
δ = 4 δβα δ
δ
γ − 8 δδα δβγ . (A.30)
Analogous equations in higher dimensions will be given in the subsections of appendix B.
B Gamma matrix identities in D = 6,8,10 dimensions
Each correlation function 〈ψµ1 . . . ψµn Sα1 . . . Sαr Sβ˙1 . . . Sβ˙s〉 will be expressed in terms of Clebsch–
Gordan coefficients taking the the tensor product of n vectors, r left-handed spinors and s right-handed
spinors into the scalar representation of SO(1, D − 1). The number of linearly independent tensors
Tµ1...µnα1...αr
β˙1...β˙s is equal to the number of scalar representations in the corresponding tensor product.
These are summarized in Table 1 for all correlators with fixed number of fields given in this paper.
In the following subsections we will give identities necessary to express correlation functions in
terms of a minimal basis.
B.1 D = 6 dimensions
In six dimensions, tensors with four spinor indices are severely constrained by Fierz identities.
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⊗ D = 4 D = 8 ⊗ D = 6 D = 10
〈SαSβ〉 1 1 〈SαSβ˙〉 1 1
〈ψµSαSβ˙〉 1 1 〈ψµSαSβ〉 1 1
〈ψµψνSαSβ〉 2 2 〈ψµψνSαSβ˙〉 2 2
〈ψµψνψλSαSβ˙〉 4 4 〈ψµψνψλSαSβ〉 4 4
〈ψµψνψλψρSαSβ〉 10 10 〈ψµψνψλψρSαSβ˙〉 10 10
〈ψµψνψλψρψτSαSβ˙〉 25 26 〈ψµψνψλψρψτSαSβ〉 26 26
〈ψµψνψλψρψτψξSαSβ〉 70 76 〈ψµψνψλψρψτψξSαSβ˙〉 76 76
〈SαSβSγ˙S δ˙〉 1 2 〈SαSβSγSδ〉 1 2
〈SαSβSγSδ〉 2 3 〈SαSβSγ˙S δ˙〉 2 3
〈ψµSαSβSγS δ˙〉 2 4 〈ψµSαSβSγS δ˙〉 3 5
〈ψµψνSαSβSγ˙S δ˙〉 4 9 〈ψµψνSαSβSγSδ〉 6 11
〈ψµψνSαSβSγSδ〉 5 10 〈ψµψνSαSβSγ˙S δ˙〉 7 12
〈ψµψνψλSαSβSγS δ˙〉 10 24 〈ψµψνψλSαSβSγS δ˙〉 17 31
〈ψµψνψλψρSαSβSγ˙S δ˙〉 25 68 〈ψµψνψλψρSαSβSγSδ〉 45 88
〈ψµψνψλψρSαSβSγSδ〉 28 71 〈ψµψνψλψρSαSβSγ˙S δ˙〉 48 91
〈SαSβSγSδS ˙S ι˙〉 2 10 〈SαSβSγSδSS ι˙〉 4 16
〈SαSβSγSδSSι〉 5 15 〈SαSβSγS δ˙S ˙S ι˙〉 6 19
〈ψµSαSβSγS δ˙S ˙S ι˙〉 4 24 〈ψµSαSβSγSδSSι〉 9 40
〈ψµSαSβSγSδSS ι˙〉 5 26 〈ψµSαSβSγSδS ˙S ι˙〉 12 45
〈ψµψνSαSβSγSδS ˙S ι˙〉 10 68 〈ψµψνSαSβSγSδSS ι˙〉 29 125
〈ψµψνSαSβSγSδSSι〉 14 76 〈ψµψνSαSβSγS δ˙S ˙S ι˙〉 32 130
〈SαSβSγSδS ˙S ι˙Sκ˙Sλ˙〉 4 71 〈SαSβSγSδSSιSκSλ〉 14 175
〈SαSβSγSδSSιSκ˙Sλ˙〉 5 76 〈SαSβSγSδSSιSκ˙Sλ˙〉 19 196
〈SαSβSγSδSSιSκSλ〉 14 106 〈SαSβSγSδS ˙S ι˙Sκ˙Sλ˙〉 24 210
Table 1: Number of linearly independent Clebsch–Gordan coefficients in various tensor products. Since the chiral
structure differs for D = 4, 8 and D = 6, 10, these two cases are separated into different sets of columns
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Correlator 〈SαSβSγSδ〉
The most important relation between (γµC)αβ(γµC)γδ and permutations in the spinor indices arises
from (A.23) with ψα = (γ
µC)αγ and χβ = (γµC)βδ. After some manipulations, one arrives at
5
(γµC)αγ (γµC)βδ = (γ
µC)βα (γµC)γδ . (B.2)
Together with the antisymmetry of (γµC)αβ = (γ
µC)[αβ], this implies that the contraction (γ
µC)αβ(γµC)γδ
is totally antisymmetric in four indices and therefore proportional to the ε tensor in the four-dimensional
chiral spinor representations. Normalizing ε1234 = 1, we get
(γµC)αβ (γµC)γδ = − 2 εαβγδ . (B.3)
Correlator 〈SαSβSγ˙S δ˙〉
The choices ψα = Cα
γ˙ , χβ = Cβ
δ˙ in (A.23) and ψα = (γ
µC)αγ , χ¯
β˙ = (γ¯µC)





























δ˙ remain as independent Clebsch–Gordan coefficients.
Correlator 〈ψµSαSβSγS δ˙〉
For this correlator equations of the type
(γµ γ¯ν C)γ
δ˙ (γν C)αβ = 2 (γ
µC)βγ C
δ˙
α − 2 (γµC)αγ C δ˙β (B.7)
prove to be useful, which can be derived by multiplying (B.4) with γµγγ˙ .
Correlator 〈SαSβSγSδSS ι˙〉
As Weyl spinors in six dimensions only have 26/2−1 = 4 independent components, the trivial relation
(γµC)[αβ (γµC)γδ C]
ι˙ = 0 (B.8)
holds for this correlator.
5Useful tools for deriving relations like this are
Γµ Γν1...νm Γµ = (−1)m−1 (D − 2m) Γν1...νm (B.1a)
Γµν Γλ1...λm Γµν =
(
D − (D − 2m)2)Γλ1...λm (B.1b)
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Correlator 〈ψµψνSαSβSγSδ〉
This correlation function can be expressed in terms of ηµν (γλC)αβ (γλC)γδ, (γ
µC)αβ (γ
ν C)γδ and
permutations in α, β, γ, δ thereof. These are related by the equation
ηµν (γλC)αβ (γλC)γδ = −(γµC)[αβ (γν C)γδ] . (B.9)
Correlator 〈ψµψνSαSβSγ˙S δ˙〉




ν C)γ˙δ˙, (γν C)αβ (γ¯
µC)γ˙δ˙, (γµ γ¯ν C)α
γ˙ C δ˙β ,
(γµ γ¯ν γλC)αβ (γ¯λC)
γ˙δ˙ and (γ¯µ γν γ¯λC)γ˙δ˙ (γλC)αβ including permutations in α, β, γ˙, δ˙ appear in the
calculations. Applying (B.4) to (γλC)(γλC) in the terms above yields
(γµ γ¯ν γλC)αβ (γ¯λC)
γ˙δ˙ = 2 (γµ γ¯ν C)α
γ˙ C δ˙β − 2 (γµ γ¯ν C)αδ˙ C γ˙β ,
(γ¯µ γν γ¯λC)γ˙δ˙ (γλC)αβ = 2 (γ
µ γ¯ν C)β
γ˙ C δ˙α − 2 (γµ γ¯ν C)αγ˙ C δ˙β + 4 ηµν C δ˙α C γ˙β − 4 ηµν C γ˙α C δ˙β .
(B.10)
A further relation is obtained by anti-symmetrizing the previous result in the spinor indices α, β:
2 ηµν C δ˙α C
γ˙
β − 2 ηµν C γ˙α C δ˙β − (γµC)αβ (γ¯ν C)γ˙δ˙ + (γν C)αβ (γ¯µC)γ˙δ˙ =
(γµ γ¯ν C)α
γ˙ C δ˙β − (γµ γ¯ν C)αδ˙ C γ˙β − (γµ γ¯ν C)βγ˙ C δ˙α + (γµ γ¯ν C)βδ˙ C γ˙α . (B.11)
Correlator 〈ψµSαSβSγSδS ˙S ι˙〉
The relevant index terms for this correlator are (γ¯µC)˙ι˙ εαβγδ, (γ
µC)αβC
˙
γ C ι˙δ and permutations in
α, β, γ, δ. By replacing γ˙, δ˙ with ˙, ι˙ in (B.11) and multiplying with (γν C)γδ they turn out to be related:
2(γ¯µC)˙ι˙ εαβγδ = −(γµC)[αβC ˙γ C ι˙δ] . (B.12)
B.2 D = 8 dimensions
A lot of tensor equations in eight dimensions can be related by SO(8) triality. In section 5.1, their
most general form is given for some cases of interest. In the following, we will list the specializations
needed for correlation functions with four or more spin fields:
Correlator 〈SαSβSγ˙S δ˙〉
Here, the choices ψα = (γ
µC)α
γ˙ , χβ = (γµC)β
δ˙ and ψα = Cαγ , χ¯
β˙ = C β˙δ˙ in the eight-dimensional























δ˙ = 18 (γµC)α
γ˙ (γµC)β
δ˙ + 24 (γµC)α
δ˙ (γµC)β
γ˙ , (B.15)







Fierz identities with ψα = Cαγ and χβ = Cβδ lead us to
(γµν C)αβ (γµν C)γδ = 8
(
Cαγ Cβδ − Cαδ Cβγ
)
, (B.16)
(γµνλρC)αβ (γµνλρC)γδ = 192
(
Cαγ Cβδ + Cαδ Cβγ
) − 48Cαβ Cγδ . (B.17)
Correlator 〈ψµSαSβSγS δ˙〉
Multiplying (B.13) by γµγγ˙ gives
Cαβ (γ
µC)γ








Hence, it is possible to eliminate two out of the six tensors Cαβ(γ
µC)γ
δ˙, (γλ γ¯µC)αγ (γλC)β
δ˙ and
permutations in α, β, γ thereof.
Correlator 〈ψµψνSαSβSγ˙S δ˙〉
This is a triality invariant index structure for which the tensor identities are particularly interesting. In
our nine dimensional basis of (5.21), only the antisymmetric part in µ, ν of the tensor (γµλC)αβ(γ¯
νλC)γ˙δ˙
is kept because the symmetric piece can be reduced to
(γ(µλC)αβ (γ¯
ν)λC)γ˙δ˙ = ηµν (γλC)[α
γ˙ (γλC)β]
δ˙ − (γµC)αγ˙ (γν C)βδ˙ + (γµC)αδ˙ (γν C)βγ˙
− (γµC)βδ˙ (γν C)αγ˙ + (γµC)βγ˙ (γν C)αδ˙ . (B.19)




δ˙ = − (γ[µλC)αβ (γ¯ν]λC)γ˙δ˙ − ηµν (γλC)[αγ˙ (γλC)β]δ˙ − ηµν Cαβ C γ˙δ˙
− (γµC)αγ˙ (γν C)βδ˙ + (γµC)αδ˙ (γν C)βγ˙ + (γµC)βδ˙ (γν C)αγ˙
− (γµC)βγ˙ (γν C)αδ˙ + (γµν C)αβ C γ˙δ˙ − Cαβ (γ¯µν C)γ˙δ˙ . (B.20)









γ˙ = 0 .
(B.21)
Correlator 〈ψµψνSαSβSγSδ〉
Possible Clebsch–Gordan coefficients for this correlator are permutations in α, β, γ, δ of the tensor
(γµγ¯λC)αβ(γλγ¯




(γµ γ¯λC)αβ (γλ γ¯
ν C)γδ = − (γµ γ¯λC)αγ (γλ γ¯ν C)βδ − 2 (γµ γ¯ν C)αδ Cβγ . (B.22)
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By repeating this index shift in the last three spinor indices and anti-symmetrizing in the vector indices,
one finds the following relation for the antisymmetric part of (γµλC)αβ (γλ
ν C)γδ in µ, ν:
(γλ[µC)αβ (γ
ν]
λC)γδ = Cαδ (γ
µν C)γβ − Cαγ (γµν C)δβ − Cβδ (γµν C)γα + Cγβ (γµν C)δα . (B.23)
Correlator 〈SαSβSγSδS ˙S ι˙〉
The novel tensors here are (γλC)α
˙ (γλρC)βγ (γ
ρC)δ
ι˙ and permutations in the spinor indices thereof.
The antisymmetric piece in the indices ˙, ι˙ can be expressed in terms of simpler γ matrix combinations:
(γλC)α
[˙ (γλρC)βγ (γ
|ρ|C)δ ι˙] = Cαγ (γλC)[β˙ (γλC)δ] ι˙ + Cδγ (γλC)[β˙ (γλC)α] ι˙
− Cαβ (γλC)[γ ˙ (γλC)δ] ι˙ − Cδβ (γλC)[γ ˙ (γλC)α] ι˙ − Cαδ (γλC)[β˙ (γλC)γ] ι˙ . (B.24)
B.3 D = 10 dimensions
Most of the following tensor identities can be traced back to the fundamental relation
(γµC)αβ (γµC)γδ + (γ
µC)βγ (γµC)αδ + (γ
µC)γα (γµC)βδ = 0 , (B.25)
due to the fact that (S)⊗s3⊗(S) does not contain any scalars. Here (S)⊗s3 denotes a totally symmetric
threefold tensor product of the left-handed SO(1, 9) spinor representation (S).
In general, correlators in D = 10 dimensions will involve more independent Lorentz tensors, which
enter more difficult relations compared to their D = 6 relatives. Observe, for instance, that no direct
analogue of the relations (B.3) and (B.4) holds.
Correlator 〈SαSβSγSδ〉
The Fierz identity (A.27) with ψα = (γ
µC)αγ and χβ = (γµC)βδ admits to eliminate
(γµνλC)αβ (γµνλC)γδ = 12
(
(γµC)αδ (γµC)βγ − (γµC)αγ (γµC)βδ
)
, (B.26)
and (γµC)αγ(γµC)βδ is redundant by (B.25).
Correlator 〈SαSβSγ˙S δ˙〉
Setting ψα = Cα
γ˙ , χβ = Cβ
δ˙ and ψα = (γ
µνC)α
γ˙ , χβ = (γµνC)β
δ˙ in (A.27) as well as ψα = Cα
γ˙ , χ¯β˙ =
Cδ
β˙ and ψα = (γ
µC)αγ , χ¯
β˙ = (γ¯µC)
β˙δ˙ in (A.28) gives rise to the following identities:
(γµν C)α
γ˙ (γµν C)β











δ˙ = − 48Cαγ˙ Cβδ˙ + 288Cαδ˙ Cβγ˙ + 48 (γµC)αβ (γ¯µC)γ˙δ˙ , (B.29)








) − 240 (γµC)αβ (γ¯µC)γ˙δ˙ . (B.30)
Hence, the three tensors on the right hand side are sufficient to express 〈SαSβSγ˙S δ˙〉.
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Correlator 〈ψµSαSβSγS δ˙〉
The six tensors Cα
δ˙(γµC)βγ , (γ
ν γ¯µC)α
δ˙(γνC)βγ and permutations in α, β, γ can be used to express
this correlation function. However, (B.25) multiplied by (γ¯µ)δ˙δ admits to eliminate one of them:
(γν γ¯µC)α
δ˙ (γν C)βγ + (γ
ν γ¯µC)β
δ˙ (γν C)γα + (γ
ν γ¯µC)γ
δ˙ (γν C)αβ = 0 . (B.31)
Correlator 〈ψµψνSαSβSγSδ〉




and permutations in α, β, γ, δ, there are four relations. We choose to work with antisymmetric γ-
products because then the tensors involving ηµν decouple from the others in the relations. Equation
(B.25) directly implies
ηµν (γλC)αβ (γλC)γδ + η
µν (γλC)αγ (γλC)βδ + η
µν (γλC)αδ (γλC)γβ = 0 , (B.32)
and from (B.31) we derive:
0 = (γµνλC)αβ (γλC)γδ + (γ
µνλC)αγ (γλC)δβ + (γ
µνλC)αδ (γλC)βγ
+ (γµC)γδ (γ
ν C)αβ − (γµC)αβ (γν C)γδ + (γµC)βδ (γν C)αγ
− (γµC)αγ (γν C)βδ + (γµC)βγ (γν C)αδ − (γµC)αδ (γν C)βγ , (B.33)
In the result (6.4) for this correlator, we have used only two out of the three independent permutations
of relation (B.33) to eliminate (γµνλC)αγ(γλC)βδ and (γ
µνλC)βδ(γλC)αγ . The missing third identity
can be recast as
(γµνλC)αβ (γλC)γδ + (γ
µνλC)αδ (γλC)γβ + (γ
µνλC)γβ (γλC)αδ
+ (γµνλC)γδ (γλC)αβ − 4 (γ[µC)αγ (γν]C)βδ = 0 . (B.34)
Correlator 〈ψµψνSαSβSγ˙S δ˙〉







µC)γ˙δ˙, (γµ γ¯ν C)α
γ˙ C δ˙β , (γ
µ γ¯λC)α
γ˙ (γν γ¯λC)β
δ˙ and permutations in α, β, γ˙, δ˙. In addition
there are (γµ γ¯ν γλC)αβ (γ¯λC)
γ˙δ˙ and (γ¯µ γν γ¯λC)γ˙δ˙ (γλC)αβ. However only twelve of these fifteen
index terms are independent. One relation is found be replacing ν with λ and µ with ν in (B.31) and
multiplying with γ¯µγ˙γ , another by treating the complex conjugate of (B.31) in the same manner:
(γµ γ¯ν γλC)αβ (γ¯λC)
γ˙δ˙ = −2 (γµC)αβ (γ¯ν C)γ˙δ˙ − (γµ γ¯λC)αγ˙ (γν γ¯λC)βδ˙ − (γµ γ¯λC)αδ˙ (γν γ¯λC)βγ˙ ,
(γ¯µ γν γ¯λC)γ˙δ˙ (γλC)αβ = −2 (γν C)αβ (γ¯µC)γ˙δ˙ − (γµ γ¯λC)αγ˙ (γν γ¯λC)βδ˙ − (γµ γ¯λC)βγ˙ (γν γ¯λC)αδ˙
−2 (γµ γ¯ν C)αγ˙ C δ˙β + 2 (γµ γ¯ν C)αγ˙ C γ˙β − 2 (γµ γ¯ν C)βγ˙ C δ˙α + 2 (γµ γ¯ν C)βδ˙ C γ˙α .
(B.35)
43
A third equation is found by symmetrizing the previous result in the vector indices µ and ν:
(γµ γ¯λC)β
δ˙ (γν γ¯λC)α
γ˙ = 2 ηµν (γλC)αβ (γ¯λC)
γ˙δ˙ − 2 (γµC)αβ (γ¯ν C)γ˙δ˙ − 2 (γν C)αβ (γ¯µC)γ˙δ˙
−(γµ γ¯λC)αγ˙ (γν γ¯λC)βδ˙ − (γµ γ¯λC)αδ˙ (γν γ¯λC)βγ˙ − (γµ γ¯λC)βγ˙ (γν γ¯λC)αδ˙ .
(B.36)
Correlator 〈SαSβSγSδSS ι˙〉
The relevant index terms for this correlator are (γµC)αβ (γµC)γδ C
ι˙
 , (γµC)αβ (γν C)γδ (γ
µ γ¯ν C)
ι˙ and
permutation in the spinor indices thereof. Using (B.25) one can eliminate six out of the fifteen tensors
of the first type. Changing the index δ˙ in (B.31) to ι˙ and multiplying with (γν C)δ gives rise to the
relation:
(γµ γ¯ν C)α
ι˙ (γµC)βγ (γν C)δ + (γ
µ γ¯ν C)β
ι˙ (γµC)αγ (γν C)δ + (γ
µ γ¯ν C)γ
ι˙ (γµC)αβ (γν C)δ = 0 .
(B.37)
By permuting the spinor indices in this equation one obtains eight further independent relations, which
can be used to eliminate in total nine tensors of the second type.
Correlator 〈SαSβSγS δ˙S ˙S ι˙〉







δ˙ (γµC)βγ (γ¯ν C)
˙ι˙ and permutations in the spinor indices. However only 16 of these are in-
dependent. By multiplying (B.25) with γ¯ν δ˙δ (γ¯ν C)
δ˙ι˙ and proceeding in the same way with the complex
conjugate of (B.25) one obtains the equations
(γµ γ¯ν C)α
δ˙ (γµC)βγ (γ¯ν C)
˙ι˙ + (γµ γ¯ν C)β
δ˙ (γµC)αγ (γ¯ν C)
˙ι˙ + (γµ γ¯ν C)γ
δ˙ (γµC)αβ (γ¯ν C)
˙ι˙ = 0 ,
(γµ γ¯ν C)α
δ˙ (γµC)βγ (γ¯ν C)
δ˙ι˙ + (γµ γ¯ν C)α
˙ (γµC)βγ (γ¯ν C)
δ˙ι˙ + (γµ γ¯ν C)α
ι˙ (γµC)βγ (γ¯ν C)
δ˙˙ = 0 .
(B.38)
Upon permutation in the spinor indices these yield five independent equations, which are sufficient to
reduce the number of index terms to 16.
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